In this paper, we investigate the existence, uniqueness and Ulam stabilities of solutions for Hilfer-Hadamard type fractional differential equations with boundary conditions in weighted spaces of continuous functions. The existence results rely on Schaefer's fixed point theorem. The Banach contraction principle is also considered to obtain uniqueness and stability results. An example is provided to illustrate the usefulness of the obtained results.
Introduction
In this paper, we prove the existence, uniqueness and Ulam stabilities analysis of solutions of Hilfer-Hadamard type fractional differential equations with boundary conditions of the form { H D α,β where H D α,β 1 + is the Hilfer-Hadamard fractional derivative, 0 < α < 1, 0 ≤ β ≤ 1 and let X be a Banach space, f : J × X → X is given continuous function.
+ x(t) = f (t, x(t)), t ∈ J := [1, T ], I
It is seen that equation (1.1) is equivalent to the integral equation
Differential equations of fractional order have recently proved to be valuable tools in the modeling of many phenomena in various fields of science and engineering. There has been a significant development in fractional differential (FDEs) and partial differential equations in recent years; see the monographs of of Hilfer [21] , Kilbas [24] and Podlubny [26] . There are some works on FDEs with Hadamard fractional derivative, even if it has been studied many years ago (see for example [2, 6, 7] ). Recently, several works reporting Hilfer type of equations have been published. See [2, 6, 7] for more examples and remarks concerning Hilfer fractional derivative. [13, 19, 28, 29] .
Recently, Kassim et. al. [16] investigated well-posedness and stability for a differential equations with HilferHadamard fractional derivative. In this paper we mainly focus on developing the theory of dynamics and stability for FDEs via Hilfer-Hadamard derivative. The problem of the existence of solutions for FDEs with boundary conditions has been recently treated in the literature in [2, 4, 8, 9, 20, 18] .
The rest of this paper is organized as follows. In Section 2, we give some basic definitions and results concerning the Hilfer-Hadamard fractional derivative. In Section 3, we present our main result by using Schaefer's fixed point theorem. In section 4, we introduce four types of Ulam stability definitions for FDEs: Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias stability. We present the four types of Ulam stability results for FDEs (1.1).
Prerequisites
This section is devoted to basic definitions and lemmas from [1, 10, 11, 15, 21, 22, 23 ] the theory of Hilfer fractional derivative which are used in subsequent sections. 
The Hadamard fractional integral of order α for a function h is defined as 
where ⌈α⌉ denotes the integer part of real number α and log(·) = log e (·).
Then the following expression leads to the left inverse operator as follows.
, then the following composition
In [21] , R. Hilfer studied applications of a generalized fractional operator having the Riemann-Liouville and Caputo derivatives as specific cases (see also [22, 15] ).
Definition 2.4. (Hilfer-Hadamard derivative).
Let
The Hilfer-Hadamard fractional derivative of order α and type β of h is defined as
Moreover, the parameter γ satisfies 
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In order to solve our problem, the following spaces are presented
} , 
It is obvious that
C γ 1−γ,log [J, X] ⊂ C α,β 1−γ,log [J, X]. Lemma 2.1. Let α > 0, 0 ≤ β ≤ 1,1 + h(t) = 0 has a solution h(t) = c 0 (logt) γ−1 + c 1 (logt) γ+2β −2 + c 2 (logt) γ+2(2β )−3 + · · · + c n (logt) γ+n(2β )−(n+1) . Corollary 2.1. [1] Let h ∈ C 1−γ,log [J, X]. Then the linear problem H D α,β 1 + x(t) = h(t), t ∈ J := [1, b], I 1−γ 1 + x(t)| t=1 = x 0 , γ = α + β − αβ , has a unique solution x ∈ L 1 {R + } given by x(t) = x 0 Γ(γ) (logt) γ−1 + 1 Γ(α) ∫ t 1 ( log t s ) α−1 h(s) ds s . Lemma 2.2. Let f : J × X → X be a function such that f (·, x(·)) ∈ C 1−γ,log [J, X] for any x ∈ C 1−γ,log [J, X]. A function x ∈ C γ 1−γ,log [J, X]
is a solution of the integral equation (1.2) if and only if x is a solution of the Hilfer-Hadamard fractional BVP
H D α,β 1 + x(t) = f (t, x(t)), t ∈ J := [1, T ],(2.
4)
Proof. Assume x satisfies (1.2). Then Lemma 2.1 implies that
From (2.5), a simple calculation gives
,
Existence and uniqueness results
In this section, we obtain the existence and uniqueness of solutions the problem (1.1). For this, let us make the following conditions.
for any u, u ∈ X, and t ∈ J.
(C3) The function f : J × X → X is completely continuous and there exists a function µ(t)
(C4) There exists an increasing function φ ∈ C 1−γ,log [J, X] and there exists λ φ > 0 such that for any t ∈ J I α 1 + φ(t) ≤ λ φ φ(t). Proof. Consider the operator P :
It is obvious that the operator P is well defined.
Step 1: P is continuous. Let x n be a sequence such that
Since f is continuous, then we have ∥Px n − Px∥ C 1−γ,log → 0 as n → ∞.
Step 2: P maps bounded sets into bounded sets in C 1−γ,log [J, X]. Indeed, it is enough to show that for q > 0, there exists a positive constant l such that
(Px)(t)(logt)
Step 3: P maps bounded sets into equicontinuous set of
Step 2, and x ∈ B q . Then,
As t 1 → t 2 , the right hand side of the above inequality tends to zero. As a consequence of step 1 to 3, together with Arzela-Ascoli theorem, we can conclude that P :
is continuous and completely continuous.
Step 4: A priori bounds. Now it remains to show that the set
is bounded set. Let x ∈ ω, x = δ (Px) for some 0 < δ < 1. Thus for each t ∈ J. We have,
This implies by (C3)that for each t ∈ J, we have
This shows that the set ω is bounded. As a consequence of Schaefer's fixed point theorem, we deduce that P has a fixed point which is a solution of problem (1.1).
Lemma 3.1. (Uniqueness of solution) Assume that the conditions (C1),(C2
then the problem (1.1) has a unique solution.
Proof. Consider the operator P :
It is clear that the fixed points of P are solutions of (1.1). Let x, y ∈ C 1−γ,log [J, X] and t ∈ J, then we have
Hence,
From (3.7), it follows that P has a unique fixed point which is solution of problem (1.1).
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Stability analysis
In this section, we consider the Ulam stability of Hilfer-Hadamard type FDEs with boundary conditions (1.1). We adopt the definitions in [19, 27] . We consider the following inequalities 
, z ∈ C.
We ready to prove our stability results for problem (1.1). Proof. Let ε > 0 and let z ∈ C γ 1−γ,log [J, X] be a function which satisfies the inequality: 
Using Lemma 2.2, we obtain
On the other hand, if
By integration of the inequality (4.11), we obtain
We have
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where
By integration of the inequality (4.12), we get z(t) − A z − 1 Γ(α) Thus, the equation (1.1) is generalized Ulam-Hyers-Rassias stable.
Example
In this section, we present an example to illustrate the theory results.
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